Abstract. We prove that the Auslander-Reiten conjecture holds for commutative standard graded artinian algebras, in two situations: The first is under the assumption that the modules considered are graded and generated in a single degree. The second is under the assumption that the algebra is generic Gorenstein of socle degree 3.
L. M. ŞEGA Theorem 1. Let R be an artinian standard graded algebra and M a finitely generated graded R-module, generated in a single degree. If Ext i R (M, M ) = 0 = Ext i R (M, R) for all i > 0, then M is free. Our second result concerns Gorenstein rings. The hypothesis of the following theorem is known to be satisfied by generic standard graded Gorenstein algebras of socle degree 3, as a consequence of a result of Conca et. al [8, Claim 6.5] .
Theorem 2. Let (R, m, k) be a local Gorenstein ring with m 4 = 0 such that there exists a nonzero element a ∈ m with (0 : R a) principal. Let M be a finitely generated R-module. Then the following are equivalent: The paper is organized as follows. Section 1 contains the proof of Theorem 1. In Section 2 we study absolutely Koszul local rings, as defined by Iyengar and Römer [14] , and we prove that asymptotic vanishing of homology over such rings translates into asymptotic vanishing of homology for the associated graded objects (with respect to the maximal ideal). Theorem 2.6 proves the implication (1) =⇒ (3) of Theorem 2 under weaker hypotheses and raises the question whether asymptotic vanishing of Tor provides, in general, a self-test for finite projective dimension.
In Section 3 we use results of Henriques and Şega [11] , which show that the hypothesis of Theorem 2 implies that R is absolutely Koszul, with balanced Hilbert series. We then use the results of Section 2, together with formulas for Hilbert series dictated by vanishing of (co)homology, as found in work of Avramov et. al [4] , [5] , in order to finish the proof of Theorem 2.
Graded algebras
In this section we present general considerations related to the Auslander-Reiten conjecture over commutative rings and then we consider the case of graded algebras.
Let R be a commutative noetherian ring. Given a finitely generated R-module M , we consider the following condition:
for all i > 0. As recalled in the introduction, the commutative version of the Auslander-Reiten conjecture can be formulated as follows: If AR(M ) holds, then M is projective. Remark 1.1. Let M be a finitely generated R-module and N a syzygy of M in a free resolution of M over R. Note that pd R (M ) < ∞ if and only if pd R (N ) < ∞. Usual homological considerations show:
(1) If AR(M ) holds, then so does AR(N ).
Indeed, one may assume N is a first syzygy and consider the exact sequence
Applying HomR(−, R) and considering the induced long exact sequence, one obtains Ext This statement follows from the sequence of isomorphisms below, obtained as a consequence of Hom-tensor adjointness and the hypothesis on R.
We say that R is a standard graded algebra if it is graded, k = R 0 is a field, and R is generated (as an algebra) over k by finitely many elements of R 1 . The Hilbert series of a finitely generated graded R-module M = ⊕ i r M i is the formal Laurent series: 
Proof of Theorem 1. We have R = ⊕ s i=0 R i , with R s = 0 and R 0 = k, a field. Assume that M is generated in degree r. By replacing M with M (r) we may assume that M is generated by M 0 . We have then M i = 0 for all i > s. Let N be the first syzygy in a minimal graded free resolution of M over R: 
Then formula (1.2.1) gives:
Clearing denominators, we have:
Let x denote the coefficient in degree 0 of Hilb Hom R (N,N ) (t). The coefficient in degree 0 of the left hand side of (1.2.2) is at least r s x, while the right hand side of the equation has no term in degree zero. Since r s = 0, it follows that x = 0.
Noting that the identity is a degree zero element in Hom R (N, N ), we obtain a contradiction.
We conclude N = 0, hence M is free.
Absolutely Koszul local rings
In the remainder of this paper we assume (R, m, k) is a local ring; the notation identifies m as the maximal ideal and k as the residue field. If M is a finitely generated R-module, then ith Betti number of M is defined to be
The Poincaré series of M over R is the formal power series
We adopt the following notation for the associated graded objects over R: we let R g denote the associated graded ring and M g denote the associated graded module of an R-module M ; that is,
Remark 2.1. If M is a finitely generated R-module and N is a syzygy in a minimal free resolution of M over R, then N ⊆ mR n for some n. In particular, (0 :
Linearity defect and Koszul modules.
Given a minimal free resolution F of a finitely generated R-module M
with differentials induced from F . Herzog and Iyengar [12, 1.7] defined the linearity defect of M to be the number:
A module M is said to be Koszul if ld R (M ) = 0. A local ring R is said to be Koszul if its residue field k is Koszul as a module over R. From [12, 1.5] the following statements are equivalent for a finitely generated R-module M :
(1) M is a Koszul R-module; (2) lin R (F ) is a minimal graded free resolution of M g over R g .
As a consequence of this equivalence, we have: If M is Koszul, and N is a syzygy of M in a minimal free resolution F , then N is Koszul and N g is a syzygy of M g in the minimal graded free resolution lin R (F ). As proved in [12, Prop. 1.8], the Poincaré series of a Koszul R-module M satisfies
Following Iyengar and Römer [14, 2.10], we say that the ring R is absolutely Koszul if it satisfies the property that every finitely generated R-module has finite linearity defect; equivalently, has a Koszul syzygy. Then Tor
Proof. To simplify notation, given a minimal free resolution P , we set P g = lin R (P ). Let F , respectively G, be a minimal free resolution of M , respectively N . Then F g is a minimal graded free resolution of M g over R g and G g is a minimal graded free resolution of N g over R g . Assuming (1), we have Tor
= 0 for i 0, implying the desired conclusion. Assuming (2), let S denote a syzygy in a minimal free resolution of M over R such that Tor R i (S, N ) = 0 for all i > 0. Note that the pair of modules S, N satisfies the hypothesis (1), and thus Tor
Since M is Koszul, we have that S g is a syzygy of M g (see 2.2) and hence Tor
Remark 2.4. Let A be a standard graded k-algebra and let S, T be finitely generated graded A-modules. By Avramov and Buchweitz [4, Lemma 7(ii)], one has the following equality of formal Laurent series:
When A is artinian and Tor A i (S, T ) = 0 for all i > 0 we obtain the formula:
If M is an R-module, λ(M ) denotes its length.
Proposition 2.5. Let R be an absolutely Koszul artinian local ring and M , N be two finitely generated R-modules such that Tor R i (M, N ) = 0 for all i > 0. The following formula then holds:
Proof. Let Z be a first syzygy of N , so that there is an exact sequence
Then Tor R i (M, Z) = 0 for all i > 0 and there is an exact sequence:
A length count in these sequences gives:
Based on these two formulas, note that (2.5.1) holds if and only if
We may replace thus both M and N with a syzygy. Since R is absolutely Koszul, we may assume that both M and N are Koszul. Then Proposition 2.3 gives Tor Theorem 2.6. Let (R, m, k) be an absolutely Koszul artinian local ring such that the polynomial
If M is a finitely generated R-module such that Tor
In particular, under the hypotheses of the Theorem, we obtain a proof for the commutative version of a conjecture of Tachikawa considered by Avramov, Buchweitz and Şega [5] : Proof of Theorem 2.6. Since R is absolutely Koszul, M has a Koszul syzygy. Using Remark 1.1(1), we replace M with a Koszul syzygy in a minimal free resolution. Proposition 2.3(2) yields Tor
is a polynomial. In consequence, Hilb
. This inequality contradicts Remark 2.1, hence M = 0.
Small Gorenstein local rings
In this section we prove the Auslander-Reiten conjecture for a large class of Gorenstein local rings (R, m, k) with m 4 = 0.
3.1. Exact zero divisors. In [11] , Henriques and Şega defined an exact zero divisor on R to be an element a ∈ R such that 0 = (0 : a) ∼ = R/aR = 0. Elias and Rossi [9, Theorem 3.3] show that, if R is Gorenstein, k is algebraically closed of characteristic zero and Hilb R g (t) = 1 + et + et 2 + t 3 , then R is canonically graded, that is, R ∼ = R g . Furthermore, as described in [11, 3.5, 4.3] , results of Conca, Rossi and Valla [8, Claim 6.5] show that generic artinian Gorenstein standard graded algebras of socle degree 3 admit an exact zero divisor.
When R is Gorenstein, note that a nonzero element a ∈ m is an exact zero divisor if and only if the ideal (0 : R a) is principal; see [11, 4.1] . We now consider Theorem 2 in the introduction. For convenience, we rewrite its statement below. Proof of Theorem 3.3. Obviously, (3) implies both (1) and (2 and both factors are irreducible. In particular, Hilb R g (t) is square-free. is a polynomial. In consequence, the polynomial 1 + (e − 1)t + t 2 divides the product Hilb M g (t) · Hilb N g (t). Since both M and N are syzygies in a minimal free resolution, their Hilbert series have degree at most 2 by Remark 2.1. One of Hilb M g (t) or Hilb N g (t) is thus divisible by the polynomial 1 + (e − 1)t + t 2 , and hence it is a scalar multiple of it.
Recalling that we may repace M with N , we may assume thus (3.4.1) Hilb M g (t) = c(1 + (e − 1)t + t 2 )
for some c, hence the length of M is λ(M ) = c(e + 1). Since Tor R i (M, M * ) = 0 for all i > 0, we apply formula (2.5.1):
